Problem with solution proposed by Arkady Alt , San Jose , California, USA .
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Prove that for any real p > 1 and x > 1 holds inequality In(

Solution.

Inx In(x+p—1)
Note that InGx + ) < ( InGx + )

Since In Inx is concave down on (e!,) then for any x;,x,,...,x, € (1,0) and positive
weights p1,pa,...,p, such that p, + p> +...+p, = 1 holds wighted Jensen’s nequality
piinlnx; + p2Inlnx; +...+p,Ininx, < Inln(pix; + p2x2 +...4puxy) &

(1) In”'xy « InP2x; « In"x, < In(p1x1 + pax2 +...4+puXn).

p
) < Inx-In"'(x+p) <In’(x+p-1).
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In particular for x; = x,x2 = x+p,p1 = P2 = T we have
1 p-1 _ 2 _p_
In?x-In"7 (x+p) < 1n(%+%) = ln(x+p ]]; x+px) =In(x+p-1) =

(2) Inx - In"'(x +p) < InP(x+p—1).
Using inequality (2) we obtain

ﬁ Ink <ﬁ In(k+p—1) p:(ln(2+p—l))p: In”(1 +p)
v In(k+p) — 5\ In(k+p) In(n+1+p) In”(n+1+p)’
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Hence, E n g In(k+p) — In"(1 +p)nz:; nln’(n+1+p) <In"(1 +p)n2:; nln’n’
where latter series is convergent.
Remark.

Inequality (1) and (2) can be proved by elementary way for any rational weights.
First we will prove one auxiliary inequality
(8) In(x —h)In(x+h) <In’x,x >0and 0 < i < x.

Proof 1.

2 2
In(x — k) In(x + h) < (ln(x_h) *2’ In(x+ /) )2 - (M) < (@) — In’x.
Proof 2.

inCx—m)InCe+ ) = (nx+1n(1-2)) (Inx+n(1+£)) = n%c+ Inx- ln<1 - il—i) +
n(1-4) -m(1+4) <msince n(1- £2) < 0andm(1- 4) <o,

From inequality (3) follows that for any x;,x, > 1 holds inequality
(4) Inx; Inx, < 1n2%_

Indeed, by setting x := % and h == @ inequality (4) becomes (3).

Suppose that inequality Inx;...Inx; < lnkL];'”k holds for any 2 < k < n.

nX1+t...+XxX,

For n = 2m inequality Inx;...Inx, < In can be obtained by doubling

n
procedure.
If n=2m—1and xi,...,x2m1 > 1thenforn+1 = 2m numbers xi,...,x,,x.:1 Where
X1 o= 2T e have Inxg... Inx, Inx,; < Inm 2Lt + Xl

n n+1



1nn+1m#+lxn+1 = In""x,1 < Inx...Inx, < In"x,.
Let x; =..= x» = a,xm1 =...= x, = b then we obtain inequality

ma + (n —m)b
n
n—m
T

In"a « In"™b < In" < In’a - Inb < In"(pa + gb),
where p = Il g =
Generalization.
Let / be logarithmicly concave down on interval I function.Then for any x € I and any

positive
p > 1, such that x + p € I, holds inequality
(5) f(x) < (f(x+p—1) )p.

fix+p) fix+p)
First recall definition of logarithmicly concave function.
Definition.
Function f is logarithmicly concave down on interval I if fis positive on I and
Infis concave down on .

lnf(X1);'1nf(x2) > lnf(%) =

Thus, for any x1,x, € I we have inequality

foe) < fox) = (572,
Further by the same procedure we obtain regular Jensen Inequality
forn) < foxa) oo oflag) = fr (A2 )y xo. L Lxs € Tand, further, weighted

Jensen’s Inequality with positive rational weights p1,p2,....px :
Pi1X1 + poxo +...tPuXy )

)« f(062) P y) 2 i (DAL PE TR
Using limit representation of real numbers we extend this inequality on real weights.
1 p—1

In particular for x; = x,xo = x+p,x € Lp > 1, x+ p € I and weights oo We obtain

inequality (5).



